


















統計学・解答例

Question I.

1. Minimize J(µ, θ) =
∑n

i=1(Yi − µ− θDi)
2 with respect to µ, θ. For this, solve ∂J(µ,θ)

∂µ = ∂J(µ,θ)
∂θ = 0,

i.e.,
n∑

i=1

(−2)(Yi − µ̂− θ̂Di) = 0,

n∑
i=1

(−2Di)(Yi − µ̂− θ̂Di) = 0, (#)

equivalently, (
n n2

n2 n2

)(
µ̂

θ̂

)
=

( ∑n
i=1 Yi∑n
i=n1+1 Yi

)
.

It follows that(
µ̂

θ̂

)
=

1

(n− n2)n2

(
n2 −n2

−n2 n

)( ∑n
i=1 Yi∑n
i=n1+1 Yi

)
=

(
1
n1

∑n1
i=1 Yi

1
n2

∑n
i=n1+1 Yi −

1
n1

∑n1
i=1 Yi

)
.

2. E[µ̂] = 1
n1

∑n1
i=1E[Yi] = µ and E[θ̂] = 1

n2

∑n
i=n1+1E[Yi]− 1

n1

∑n1
i=1E[Yi] = µ′ − µ = θ.

3. V [µ̂] = 1
n2
1

∑n1
i=1 V [Yi] =

σ2

n1
and V [θ̂] = 1

n2
2

∑n
i=n1+1 V [Yi] +

1
n2
1

∑n1
i=1 V [Yi] = σ2

(
1
n1

+ 1
n2

)
.

Further, Cov[µ̂, θ̂] = − 1
n2
1

∑n1
i=1 V [Yi] = −σ2

n1
.

4. Note that
θ̂ − θ√

σ2
(

1
n1

+ 1
n2

) ∼ N(0, 1). Thus,

reject the null hypothesis θ = 0, if
|θ̂|√

σ2
(

1
n1

+ 1
n2

) > 1.96.

5. (1)
∑n

i=1 Û
2
i =

∑n
i=1(Yi − µ̂− θ̂Di)

2 =
∑n

i=1(Yi − µ̂− θ̂Di)Yi (by (#))

=
∑n

i=1 Y
2
i −µ̂

∑n
i=1 Yi− θ̂

∑n
i=n1+1 Yi =

∑n1
i=1 Y

2
i − 1

n1

(∑n1
i=1 Yi

)2
+
∑n

i=n1+1 Y
2
i − 1

n2

(∑n
i=n1+1 Yi

)2
(2) χ2

n1+n2−2

(3) Note that
θ̂ − θ√∑n

i=1 Û
2
i

n1+n2−2

(
1
n1

+ 1
n2

) ∼ tn1+n2−2. Thus,

reject the null hypothesis θ = 0, if
|θ̂|√∑n

i=1 Û
2
i

n1+n2−2

(
1
n1

+ 1
n2

) > tn1+n2−2(0.025).

Here, tν(α) is the upper α percentile of tν distribution.



Question II．2. Note that the events A and B are independent iff P (A ∩B) = P (A)P (B).

(1) P (Ac)P (Bc) = {1 − P (A)}{1 − P (B)} = 1 − P (A) − P (B) + P (A ∩ B) = 1 − P (A ∪ B) =

P ((A ∪B)c) = P (Ac ∩Bc), i.e., the events Ac and Bc are independent.

(2) P (A)P (Bc) = P (A){1−P (B)} = P (A)−P (A∩B) = P ((A∩B)∪(A∩Bc))−P (A∩B) = P (A∩Bc),

i.e., the events A and Bc are independent.

2.(1) P ((A1 ∪A2) ∪A3)

= P (A1 ∪A2) + P (A3)− P ((A1 ∪A2) ∩A3)

= {P (A1) + P (A2)− P (A1 ∩A2)}+ P (A3)

−{P (A1 ∩A3) + P (A2 ∩A3)− P ((A1 ∩A3) ∩ (A2 ∩A3))}

= P (A1) + P (A2) + P (A3)− {P (A1 ∩A2) + P (A1 ∩A3) + P (A2 ∩A3)}+ P (A1 ∩A2 ∩A3),

P ((A1 ∪A2 ∪A3) ∪A4)

= P (A1 ∪A2 ∪A3) + P (A4)− P ((A1 ∪A2 ∪A3) ∩A4)

= {P (A1) + P (A2) + P (A3)− {P (A1 ∩A2) + P (A1 ∩A3) + P (A2 ∩A3)}+ P (A1 ∩A2 ∩A3)}+ P (A4)

−[P (A1 ∩A4) + P (A2 ∩A4) + P (A3 ∩A4)

− {P (A1 ∩A2 ∩A4) + P (A1 ∩A3 ∩A4) + P (A2 ∩A3 ∩A4)}+ P (A1 ∩A2 ∩A3 ∩A4)]

=

4∑
i=1

P (Ai)−
∑

1≤i<j≤4

P (Ai ∩Aj) +
∑

1≤i<j<k≤4

P (Ai ∩Aj ∩Ak)− P (A1 ∩A2 ∩A3 ∩A4).

(2) We can naturally conjecture that, for m = 2, 3, . . .,

P (∪m
i=1Ai) =

m∑
ℓ=1

(−1)ℓ+1
∑

1≤j1<···<jℓ≤m

P (Aj1 ∩ · · · ∩Ajℓ).

Note that this fact can be proved by induction, as follows: The case m = 2 is clearly true. Suppose

that the following holds for some integer r ≥ 2;

[Ir] : P (∪r
i=1Ai) =

r∑
ℓ=1

(−1)ℓ+1
∑

1≤j1<···<jℓ≤r

P (Aj1 ∩ · · · ∩Ajℓ).

Then, we have

P ((∪r
i=1Ai) ∪Ar+1) = P (∪r

i=1Ai) + P (Ar+1)− P ((∪r
i=1Ai) ∩Ar+1)

=

r∑
ℓ=1

(−1)ℓ+1
∑

1≤j1<···<jℓ≤r

P (Aj1 ∩ · · · ∩Ajℓ)

+P (Ar+1) +
r+1∑
ℓ=2

(−1)ℓ+1
∑

1≤j1<···<jℓ−1≤r&jℓ=r+1

P (Aj1 ∩ · · · ∩Ajℓ ∩Ar+1)

=
r+1∑
ℓ=1

(−1)ℓ+1
∑

1≤j1<···<jℓ≤r+1

P (Aj1 ∩ · · · ∩Ajℓ), i.e., [Ir+1] is also true.



Question III.

1.

E[Xi] =

∫ ∞

0
x · e−xdx =

∫ ∞

0
1 · e−xdx−

[
x · e−x

]∞
0

= 1,

V[Xi] =

∫ ∞

0
x2 · e−xdx− 1 =

∫ ∞

0
2x · e−xdx−

[
x2 · e−x

]∞
0

− 1 = 1.

2. Since S2 = X1 +X2 or X2 = S2 −X1, X1 ∈ [0, S2]. By convolution,

f2(s) =

∫ s

0
f(s− x) · f(x)dx =

∫ s

0
e−(s−x) · e−xdx = e−s · [x]s0 = s · e−s, s ≥ 0.

3. Proved by induction. Suppose that the density of Sn−1 is given as

fn−1(s) =
sn−2 · e−s

(n− 2)!
, s ≥ 0.

Then we know Sn = Sn−1 +Xn or Sn−1 = Sn−1 −Xn, which implies 0 ≤ Xn ≤ Sn, and

fn(s) =

∫ s

0
fn−1(s− x) · f(x)dx =

∫ s

0

(s− x)n−2 · e−(s−x)

(n− 2)!
· e−xdx

=
e−s

(n− 2)!
·
∫ s

0
(s− x)n−2dx

=
e−s

(n− 2)!
·
[
−(s− x)n−1

n− 1

]s
0

=
sn−1 · e−s

(n− 1)!
, s ≥ 0.

4. By definition, Zn ≥ −n−1/2. Then z = s−n√
n

⇔ s = n1/2 · z + n

gn(z) = fn

(
n1/2 · z + n

)
· |ds/dz| =

e−(n
1/2·z+n) ·

(
n1/2 · z + n

)n−1

(n− 1)!
· n1/2

=
nn+1/2 · e−n

n!
·
(
1 +

z

n1/2

)n−1
· e−

√
n·z, z ≥ −n−1/2.

5. The result says that the normalized sum of n random variables converges to the normally dis-

tributed random variable (with mean 0, variance 1) in distribution.

Question IV.

1. The marginal distributions are as follows: Then

E[X] = 0 · 10
35

+ 1 · 20
35

+ 2 · 5

35
=

30

35
≈ 0.85143

E[Y ] = 0 · 4

35
+ 1 · 18

35
+ 2 · 12

35
+ 3 · 1

35
=

45

35
≈ 1.285714

2. Find E[X2] and E[XY ].

E[X2] = 02 · 10
35

+ 12 · 20
35

+ 22 · 5

35
=

40

35
≈ 0.85143

E[XY ] = (1) · (1) · 12
35

+ (1) · (2) · 3

35
+ (2) · (1) · 6

35
=

30

35



Y 0 1 2 3

Pr[Y = y] 1/35 12/35 18/35 4/35

X 0 1 2

Pr[X = x] 10/35 20/35 5/35

3.

β̂ =
E[XY ]− E[X]E[Y ]

E[X2]− {E[X]}2
=

(30/45)− (45/35)(30/35)

(40/35)− (30/35)(30/35)
=

21− 27

28− 18
=

−3

5
= −0.6

α̂ = E[Y ]− E[X] · (−0.6) =
45

35
+

30

35

6

10
=

9

5
= 1.8

4. The conditional distributions are as follows:

Y 0 1 2 3

Pr[Y = y|X = 0] 0 3/10 6/10 1/10

Y 0 1 2 3

Pr[Y = y|X = 1] 2/20 12/20 6/20 0

Y 0 1 2 3

Pr[Y = y|X = 2] 2/5 3/5 0 0

5.

E[Y |X = 0] = 0 · 0 + 1 · 3

10
+ 2 · 6

10
+ 3 · 1

10
=

18

10
= 1.8

E[Y |X = 1] = 0 · 2

20
+ 1 · 12

20
+ 2 · 6

20
+ 3 · 0 =

24

20
= 1.2

E[Y |X = 2] = 0 · 2
5
+ 1 · 3

5
+ 2 · 0 + 3 · 0 =

3

5
= 0.6

Therefore, E[Y |X] in this question could be specified as a linear function of the variable X. The

coefficents of the linear function are given as the above, α̂ and β̂,

E[Y |X] = 1.8− 0.6×X, X = 0, 1, 2.












