














統計学・解答例

Question I. 1. (1)
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(2) I2 =
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−∞

∫ ∞
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e−(s2+t2) dsdt [let s = r cosψ , t = r sinψ ]
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0
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]r=∞

r=0
= π [i.e., I =

√
π ].

2. (1) Clearly, f(x) > 0. Also, we have

∫ ∞

−∞

f(x) dx =

∫ ∞

−∞

1√
2πσ2

e−
(x−µ)2

2σ2 dx [let x−µ√
2σ2

= t, i.e., x = µ+
√
2σ2t ]

=
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= 1 .
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2σ2 dx

= e
−µ2+(µ+θσ2)2

2σ2 = eµθ+
σ2θ2

2 .

3. Noting that, for i = 1, 2, gi(x) =
1√
2π
e−

(x−µi)
2

2 , −∞ < x <∞, we have

(g1 ∗ g2)(s) =
∫ ∞

−∞
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=
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2

2

=
1√
4π

e−
s2−2s(µ1−µ2)−(µ2

1−2µ1µ2+µ2
2)−4sµ2+2µ2

1+2µ2
2

4

=
1√
4π

e−
s2−2s(µ1+µ2)+(µ1+µ2)2

4

=
1√
4π

e−
{s−(µ1+µ2)}2

4 [the density of the normal distribution N(µ1 + µ2, 2)].

4. If the random variables X1 and X2 are independent, having the probability densities g1 and g2, then,

the random variable X1 +X2 has the density g1 ∗ g2.



Question II. 1. The mean and the variance of the Poisson distributed r.v. with τ

E[X] =

∞∑

k=0

k · λ
ke−λ

k!
= e−λ

∞∑

k=1

λk

(k − 1)!
= λe−λ

∞∑

k=1

λk−1

(k − 1)!

= λe−λ
∞∑

ℓ=0

λℓ

ℓ!
︸ ︷︷ ︸

ℓ≡k−1

= λe−λeλ = λ

E[X(X − 1)] =
∞∑

k=1

k(k − 1) · λ
ke−λ

k!
= e−λ

∞∑

k=2

λk

(k − 2)!
= λ2e−λ

∞∑

k=2

λk−2

(k − 2)!

= λ2e−λ
∞∑

ℓ=0

λℓ

ℓ!
︸ ︷︷ ︸

ℓ≡k−2

= λ2e−λeλ = λ2

V[X] = E[X(X − 1)] + E[X]− {E[X]}2 = λ2 + λ− λ2 = λ

2. The mean (E[X̄]) and the variance (V[X̄]) of the sample mean.

E[X̄] = τ, V[X̄] =
τ

n

3. The statistics Z and Z2 are

Z =
X̄ − τ
√

τ/n
=

√
n(X̄ − τ)√

τ
, Z2 =

n(X̄ − τ)2

τ
.

(1) The asymptotic sampling distribution of Z is the standard normal distribution.

(2) The asymptotic sampling distribution of Z2 is the chi-squared distribution with one degree-of-freedom.

4. Note that c1,0.05 = d20.025. We derive the 95% confidence interval based on Z2. The result based on

Z is exactly same. Asymptotically we have the following relationship,

0.95 ≈ Pr
[
Z2 ≤ c1,0.05

]
= Pr

[
n(X̄ − τ)2

τ
≤ c1,0.05

]

= Pr
[

τ2 − 2
(

X̄ +
c1,0.05
2n

)

τ + X̄2 ≤ 0
]

Note that
(

X̄ +
c1,0.05
2n

)2

− X̄2 ≥ 0.

Therefore,

0.95 ≈ Pr

[(

X̄ +
c1,0.05
2n

)

−
√
(

X̄ +
c1,0.05
2n

)

− X̄2 ≤ τ ≤
(

X̄ +
c1,0.05
2n

)

+

√
(

X̄ +
c1,0.05
2n

)

− X̄2

]

,

The 95% confidence interval for τ is,

[ (

X̄ +
c1,0.05
2n

)

−
√
(

X̄ +
c1,0.05
2n

)

− X̄2,
(

X̄ +
c1,0.05
2n

)

+

√
(

X̄ +
c1,0.05
2n

)

− X̄2

]



Question III. The criterion function can be rewritten as follows, using
∑13
i=1 x1,ix2,i = 0,

T (β1, β2) =
13∑

i=1

(yi − x1,iβ1 − x2,iβ2)
2 + λ(|β1|+ |β2|)

=

n∑

i=1

y2i + 5(β1 − b1)
2 − 5b21 + λ|β1|

︸ ︷︷ ︸

a function of β1

+8(β2 − b2)
2 − 8b22 + λ|β2|

︸ ︷︷ ︸

a function of β2

1. Since
∑13
i=1 x1,ix2,i = 0, the OLS estimates are given as

b1 =

∑13
i=1 x1,iyi

∑13
i=1 x

2
1,i

=
5

5
= 1, b2 =

∑13
i=1 x2,iyi

∑13
i=1 x

2
2,i

=
−8

8
= −1.

2. – 0 ≤ λ < 2|
∑13
i=1 x1,iyi| = 10 = 2min

{

|
∑13
i=1 x1,iyi|, |

∑13
i=1 x2,iyi|

}

, Then

(β∗
1 , β

∗
2) =

(

b1 −
λ

10
, b2 +

λ

16

)

– 10 ≤ λ < 2|
∑13
i=1 x2,iyi| = 16 = 2max

{

|
∑13
i=1 x1,iyi|, |

∑13
i=1 x2,iyi|

}

, Then

(β∗
1 , β

∗
2) =

(

0, b2 +
λ

16

)

– λ ≥ 2|∑13
i=1 x2,iyi| = 16, Then (β∗

1 , β
∗
2) = (0, 0).
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3. The parameter λ penalizes larger (absolute) values of coefficient parameters. Even though the OLS

estimator minimizes the criterion function without the penalty term, non-zero values of coefficeint

estimates increase the total value of the criterion function through the penelty term. The parameter

λ with a large value helps shrink the optimal coefficient estimates toward zero, and sometimes makes

them exactly zero when λ is sufficienty large.



Question IV. 1. The following three statements hold: (i) E[Xt] = µX is independent of t. (ii) V [Xt] = σ2
X

is independent of t. (iii) For each h = ±1,±2, . . ., Cov(Xt, Xt+h) = γX(h) is independent of t.

2. (1) Under the assumption |α| < 1, this process is weakly stationary.

(2) We start with E[Xt] = c+ αE[Xt−1] +E[Ut] and V [Xt] = V [c+ αXt−1 +Ut] = α2V [Xt−1] + V [Ut] +

2αCov(Xt−1, Ut). By definition, E[Ut] = 0 and V [Ut] = σ2. Also, from the stationarity, which is implied

by |α| < 1, E[Xt] = µX and V [Xt] = σ2
X . Thus, we have µX(1 − α) = c, i.e., µX = c

1−α . On the other

hand, noting that Cov(Xt−1, Ut) = 0, we have σ2
X(1− α2) = σ2, i.e., σ2

X = σ2

1−α2 .

3. (1) We derive the condition under which z2 − α1z − α2 = 0 has the two solutions z1, z2 (possibly

complex), with |z1|, |z2| < 1, as follows:

(i) if α2
1 + 4α2 < 0, then, z1, z2 = (α1 ± i

√

−(4α2 + α2
1))/2 (complex); in this case, −1 < α2 < −α2

1/4

(note that z1z2 = −α2).

(ii) if α2
1 + 4α2 ≥ 0, then, z1, z2 = (α1 ±

√

α2
1 + 4α2)/2 (real); in this case, α2 ≥ −α2

1/4, −1 < α1/2 < 1,

and 1± α1 − α2 > 0.

In summary, the stationary condition on (α1, α2) is given by






α2 < 1 + α1 ,

α2 < 1− α1 ,

α2 > −1 .

(2) Minimize
∑n
t=3(xt − c− α1xt−1 − α2xt−2)

2 with respect to (c, α1, α2).

4. (1) We have µt = E[Xt|Xt−1] = E[µ + ǫt

√

τ + θX2
t−1|Xt−1] = µ +

√

τ + θX2
t−1E[ǫt|Xt−1] = µ +

√

τ + θX2
t−1E[ǫt] = µ and σ2

t = V [Xt|Xt−1] = V [Xt − µ|Xt−1] = E[(Xt − µ)2|Xt−1] = E[ǫ2t (τ +

θX2
t−1)|Xt−1] = (τ + θX2

t−1)E[ǫ2t |Xt−1] = (τ + θX2
t−1)E[ǫ2t ] = τ + θX2

t−1.

(2) Using E[Xt] = µ, we have

Cov(Xt, Xt−1) = Cov(Xt − µ,Xt−1 − µ)

= E[(Xt − µ)(Xt−1 − µ)]

= E[(Xt−1 − µ)ǫt

√

τ + θX2
t−1 ]

= E[ǫt]E[(Xt−1 − µ)
√

τ + θX2
t−1 ] [by assumption, ǫt is independent of Xt−1],

hence, Cov(Xt, Xt−1) = 0.

(3) Now, we have Xt|Xt−1 ∼ N(µ, τ + θX2
t−1); its conditional density, given Xt−1 = xt−1, is equal to

f(x|xt−1) =
1

√

2π(τ + θx2t−1)
e
−

(x−µ)2

2(τ+θx2
t−1

) .

Maximize
n∑

t=2

log f(xt|xt−1) = −1

2

n∑

t=2

[

log(2π) + log(τ + θx2t−1) +
(xt − µ)2

τ + θx2t−1

]

with respect to (µ, τ, θ).











オペレーションズ・リサーチ (解答例)

問題 I．

１．新しい非負変数 y1 と y2 を導入し，(P) を以下のように変換する．このとき，
非正変数 x1 は −y1 に置き換えられていることに注意する．作成した問題を
(P1) と記す．

問題 (P1) max −3y1 − 4x2 + 4x3

subject to:

−y1 − 2x2 + x3 = −4

4x2 + x3 + y2 = 12

y1, x2, x3, y2 ≥ 0

次に，(P1) の初期実行可能基底解を (y1, x2, x3, y2) = (4, 0, 0, 12) として辞書
を作る．

z = −12 + 2x2 + x3

y1 = 4− 2x2 + x3

y2 = 12− 4x2 − x3

一行目 (目的関数に関する行) に，係数が正である非基底変数 (右辺の変数)

があるので，現在の解は最適でない．係数が正の x3 を 0 から 12 に増加さ
せ，辞書を更新する．

z = −2x2 − y2
y1 = 16− 6x2 − y2
x3 = 12− 4x2 − y2

一行目 (目的関数に関する行) の非基底変数 (右辺の変数) の係数がすべて
非正なので，現在の解は最適である．最適解は (y1, x2, x3, y2) = (16, 0, 12, 0)

(元の問題では, (x1, x2, x3) = (−16, 0, 12)) で，最適値は 0 である．

２．問題 (P) の双対問題 (D) は，以下の通りである．

問題 (D) min 4z1 + 12z2
subject to:

z1 ≥ −3

2z1 + 4z2 ≥ −4

−z1 + z2 ≥ 4

z2 ≥ 0

1



３．xT = (y1 x2 x3 y2), c
T = (−3 − 4 4 0), bT = (−4 12), A =(

−1 −2 1 0

0 4 1 1

)
を用いて，問題 (P1) は以下のように表現できる．

問題 (P1) max cTx

subject to:

Ax = b

x ≥ 0

最適解において，基底変数は y1, x3 である. 基底行列B =

(
−1 1

0 1

)
と目

的関数における基底変数の係数ベクトル cTB = (−3 4) に対して, cTBB
−1 =

(3 1)より，第一制約の潜在価格は 3 である．

問題 II．

１．

（１）ρ = σAM

σAσM
= 0.5.

（２）β = ρσA

σM
= 0.375.

（３）λ = (µM − r)/σM = 0.05.

（４）µA = r + β(µM − r) = 4.375

（５）資本市場線は，点 (0, r)および点Mを通る直線．その傾きがリスクの市場価
格．点A(σA, µA)は資本市場線よりも下に位置する．これは，株式A単体で
は，リスクの市場価格を上回る，リスク１単位あたりのリターンを得られな
いためである．

（６）TOPIXは数百の銘柄から構成され，点Aは，実行ポートフォリオの内部に
含まれる．実行ポートフォリオの境界は，点Mに接する双曲線．

２．（１）連立方程式

xuS + (1 + r)y = Cu, (1)

xdS + (1 + r)y = Cd (2)

から，

x =
Cu − Cd

(u− d)S
, y =

dCu − dCd

(1 + r)(d− u)

を得る．

2



（２）オプション価格は，

C = xS + y =
1

1 + r

{
1 + r − d

u− d
Cu +

u− (1 + r)

u− d
Cd

}
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Question I．

１．After introducing two nonnegative variables y1 and y2 and replacing x1 with

−y1, transform the problem (P) into the following equivalent standard form

(P1).

(P1) max −3y1 − 4x2 + 4x3

subject to:

−y1 − 2x2 + x3 = −4

4x2 + x3 + y2 = 12

y1, x2, x3, y2 ≥ 0

Construct a dictionary with a basic feasible solution (y1, x2, x3, y2) = (4, 0, 0, 12).

z = −12 + 2x2 + x3

y1 = 4− 2x2 + x3

y2 = 12− 4x2 − x3

The current solution is not optimal, since the first line of the dictionary cor-

responding to the objective function has a nonbasic variable with a positive

coefficient. By increasing x3 (a nonbasic variable with a positive coefficient)

from 0 to 12, rewrite the dictionary.

z = −2x2 − y2
y1 = 16− 6x2 − y2
x3 = 12− 4x2 − y2

The current solution is optimal, since the first line of the dictionary cor-

responding to the objective function has no nonbasic variable with a pos-

itive coefficient. An optimal solution is (y1, x2, x3, y2) = (16, 0, 12, 0) (i.e.,

(x1, x2, x3) = (−16, 0, 12)), and the optimal value is 0.

２．The dual problem (D) of (P) is described as follows.

(D) min 4z1 + 12z2
subject to:

z1 ≥ −3

2z1 + 4z2 ≥ −4

−z1 + z2 ≥ 4

z2 ≥ 0
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３．By using xT = (y1 x2 x3 y2), c
T = (−3 − 4 4 0), bT = (−4 12), A =(

−1 −2 1 0

0 4 1 1

)
, the problem (P1) can be represented in the following

manner.

(P1) max cTx

subject to:

Ax = b

x ≥ 0

Since the basic variables in the optimal solution for (P1) are y1 and x3,

the corresponding basic matrix B is

(
−1 1

0 1

)
, and the corresponding

coefficient vector cTB in the objective function is (−3 4). By cTBB
−1 = (3 1),

the shadow price for the first constraint is 3.

Question II．

１．

（１）ρ = σAM

σAσM
= 0.5.

（２）β = ρσA

σM
= 0.375.

（３）λ = (µM − r)/σM = 0.05.

（４）µA = r + β(µM − r) = 4.375

（５）The capital market line is a straight line connecting two points (0, r) and M.

The gradient of the line is the market price of risk. Point A is located under

the capital market line. Since, in equilibrium, the excess return per unit risk

of single stock A can not exceed the market price of risk.

（６）TOPIX has a few hundred number of different stock and hence point A is in

a feasible portfolio set. The boundary of the feasible set is a hyperbolic line

tangent to the capital market line at point M.

２．（１）From a system of equations

xuS + (1 + r)y = Cu, (3)

xdS + (1 + r)y = Cd, (4)
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we can get

x =
Cu − Cd

(u− d)S
, y =

dCu − dCd

(1 + r)(d− u)
.

（２）The option price is given by

C = xS + y =
1

1 + r

{
1 + r − d

u− d
Cu +

u− (1 + r)

u− d
Cd

}
.
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